Two formalisms, one renormalized stress-energy tensor 



C. Barcelo and R. Carballo 

Institute/ de Astrofisica de Andalucia, CSIC, Glorieta de la Astronomia, 18008 Granada, Spam 



(N 

o 

PL, 



>; 

OY 
00 

O 



X: 



L. J. Garay 

Departamento de Fisica Teorica II, Universidad Complutense de Madrid, 28040 Madrid, Spain and 
Instituto de Estructura de la Materia, CSIC, Serrano 121, 28006 Madrid, Spain 

We explicitly compare the structure of the renormalized stress-energy tensor (RSET) of a massless 
scalar field in a (1+1) curved spacetime as obtained by two different strategies: normal-mode 
construction of the field operator and one-loop effective action. We pay special attention to where 
and how it is encoded the information related to the choice of vacuum state in both formalisms. By 
establishing a clear translation map between both procedures, we show that these two potentially 
different RSET are actually equal, when using vacuum-state choices related by this map. One 
specific aim of the analysis is to facilitate the comparison of results regarding semiclassical effects 
in gravitational collapse as obtained within these different formalisms. 
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I. INTRODUCTION 

One of the central problems of Quantum Field Theory 
in Curved Spacctimes is the calculation of the renormal- 
ized stress-energy tensor (RSET) of the matter fields. 
This RSET is then the starting point of any calculation 
in Semiclassical Gravity: Spacetime is maintained as a 
classical entity while the classical stress-energy tensor of 
the matter sources is complemented with the RSET of 
the quantum fields in a suitable vacuum state. 

In general, the calculation of the RSET is complicated 
and cannot be done analytically. However, if the space- 
time manifold has some degree of symmetry the reduced 
RSET can sometimes be obtained explicitly. Here we are 
interested in spacctimes which can be reduced by sym- 
metry to become effectively (l+l)-dimensional. More 
specifically we are going to consider a massless scalar field 
theory adapted to this (1+1) symmetry reduction. For 
instance, we shall have in mind four-dimensional spher- 
ically symmetric stellar configurations, including black- 
hole spacctimes. 

Here, by spherically symmetric reduction we under- 
stand the quantization of the classically reduced sys- 
tem, which implies not only the assumption of a spheri- 
cally symmetric classical background, but also neglecting 
the effect of any non-sphcrically symmetric fluctuations. 
This quantization is a toy-model approximation to the 
full quantization. 

A spherical-symmetry reduction makes the scalar field 
equation to become (l+l)-dimensional. After neglecting 
the effect of a potential term, or what is equivalent, af- 
ter neglecting backscattering processes, the field equation 
ends up corresponding to a massless Klein-Gordon equa- 
tion in a curved spacetime of (1+1) dimensions. This 
equation is conformally invariant, which is the crucial 
ingredient for the analytical tractability of the reduced 
problem. The exact and analytic RSET calculated in 
this way is, therefore, a toy-model approximation to the 



four-dimensional spherically-symmetric RSET. However, 
this RSET provides crucial insights about the physics at 
work in the actual (3+1) setting For example, one can 
perfectly describe the Hawking radiation process except 
for the grey-body factors 0- 

In the literature there exist two main methods to ob- 
tain an analytical expression for the RSET of a massless 
scalar field in (1+1) dimensions: One is the construc- 
tion of the stress-energy tensor operator directly from 
a normal-mode expansion of the field operator 0, 0]; 
and the other is based on an effective-action calcula- 
tion [H,0]. In principle, these two different methods could 
lead to different expressions for the RSET, although both 
formalisms should be equivalent due to Wald's theorem 
01- 

However, the problem is that at first sight the two 
expressions obtained are difficult even to compare be- 
cause they use different fiduciary structures. In this pa- 
per we work out in detail the relationship between them, 
with the aim of providing a common framework to com- 
pare the results obtained with both methods when study- 
ing specific problems. In particular, wc compare how 
and where it is encoded the information related to the 
vacuum-state choice in both formalisms. Establishing 
this translation could be useful, for instance, in studying 
the effects of back reaction in gravitational collapse. In 
this context the expressions of the RSET derived follow- 
ing these two different formalisms are being used by dif- 
ferent authors to study the possibility of avoiding black- 
hole formation due to quantum effects 0, . 

The organization of this article is as follows. First, in 
section [Hi we will recall these two methods for the calcu- 
lation of the RSET. Then, in section UlTAl we will show 
that the two expressions found using normal-mode and 
effective-action techniques are actually equal. We will 
proceed in next section [ill Bl to describe the connection 
between the vacuum-state choice in both formalisms. To 
complete these formal developments wc present in sec- 
tion IIII CI a discussion about degeneracy in the vacuum 
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selection and its implications. In section IIVI we sketch 
an application of the translation map between the two 
formalisms in the particular case of a simplified model 
of stellar collapse, finishing then the article with a brief 
summary section. 



II. SETUP OF THE PROBLEM 

As already mentioned, in this paper we shall deal with 
a simple scalar field <j) defined over a globally-hyperbolic 
(l+l)-dimensional spacetimc manifold M, obeying the 
massless Klein- Gordon equation 



U6 = 



(1) 



(We will not distinguish between <p and its quantum coun- 
terpart tfi unless we find it confusing.) This equation is 
invariant under conformal transformations of the metric 
that leave the field unaffected (conformal transformation 
of weight zero). This equation can be derived from an 
action 



S[<t>,g] 



(2) 



which is also conformally invariant. 

In (l+l)-dimcnsions all metrics are conformal to the 
flat metric. For instance, by using null coordinates (u, v) 
we can write the line element as 

ds 2 = —C(u,v)dudv . (3) 

In these coordinates the equation of motion (JlJ reads 

9 2 



dudv 



. 



(4) 



A set of positive-norm (in the Klein-Gordon product 
below) mode solutions is 



1 



1 



V Attlo 



V Attuj 



w G 



(5) 

These solutions are not in the space ©o of real solu- 
tions of (HJ), but in the complexified space ©g\ In this 
complexified space of solutions we can define the pseudo- 
inner product 



) kg :=i / dE"(<^3^ 2 - fadptl) 



(0) 



where £ is a Cauchy surface. This product is not positive 
definite: if an element </> G ©q has positive norm, then 
4>* G ©q has negative norm. By using a null Cauchy 
surface in the integral above it is direct to see that the 
mode solutions (J5j> verify 

(0°:,^2o = -*(w-w%6 , 



Lb* 



) = o 



(7) 



where both labels a, b can take the values u, v. The gen- 
eral real solution of (JlJ (i.e. an element of ©o) can be 
then written as 



cf> = / duj (a>£ + al4>l + h.c.) 



(8) 



As it is well known, there are many alternative ways in 
which one can choose to expand arbitrary real solutions 
of ©o- In selecting a particular expansion, the choice of 
a particular time function t plays a fundamental role. In 
fact, the orthonormal modes just described have positive 
frequency with respect to the timelike vector field dt := 
d u + d v , 



(9) 



Actually, there are as many sets of mode solutions of this 
type ([5]) as reparametrizations of the null coordinates 



U(u) , 



V(v) 



(10) 



none of them being preferred to any other. These 
reparametrizations induce a change in the conformal fac- 
tor of the metric <|3j> of the form 



C 



du dv 
dUdV ■ 



[11) 



Notice that one needs dll/du > and dV/dv > so 
that these transformations preserve the time orientation 
of the spacetime. 



A. RSET from normal-mode expansion 

The promotion of the creation and annihilation vari- 
ables to operators permits us to define the vacuum state 
|0) of the field. The rest of the states of the Fock space 
will be obtained straightforwardly by the action of the 
creation operators on this vacuum. We are interested in 
the vacuum expectation value of the stress-energy tensor: 



1^(z)|0). 



(12) 



Here T^ix) is the result of turning the creation and anni- 
hilation variables into operators in the functional expres- 
sion of the classical stress-energy tensor T^(x). How- 



ever, without further considerations the expression (|12p 
is divergent. Thus, to extract a meaningful finite result 
one has to carry out a renormalization procedure. 

One well known renormalization procedure is the 
point-splitting method Q, which uses the formal iden- 
tity 

(0|f^(x)|0) = lim T) flu {x,x')G^(x,x') , (13) 

where is the Green function 

G^(x,x') = (0\{$(x)J(x')}\0) , (14) 
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and D^(x,x') is a suitable differential operator. Before 
taking the limit in (|13p . one has a well defined quantity; 
it is in the coincidence limit x — > x' when the diver- 
gent behavior appears. To eliminate this divergence, one 
subtracts a function S(x, x') with the same divergent be- 
havior in the limit x — > x' . 

A state is said to be Hadamard if the singular behav- 
ior of its Green function is the natural generalization to 
curved spacetime of its singular structure in Minkowski 
spacetime. In this case the function S(x,x') takes the 
form of a Hadamard distribution [l(| ■ These states are 
the ones that are typically considered as physical and arc 
the ones we shall deal with here. 

The function G^\x,x') can be constructed using the 
modes (|5|), and it defines a Hadamard state. After 
some computations, the vacuum expectation value of the 
renormalized stress-energy tensor takes the form 0, HH 



247r(0|T ttu |0)= 

24^(o|t;,. u |oh 

247t(0|TU0)= 



1 d 2 C _ 

1 d 2 C 
C~dv 2 ~ ~ 

24ir(0\f vu 



3 
2C 2 

3 
2C 2 



acr 

du _ 
9C X 2 
dv 



(15) 



where C = C{u,v) is the conformal factor in the line 
element ©. 

Picking a different set of modes, replacing u U (it) 
and v — > V(v) in ([5]) or, in other words, selecting a dif- 
ferent time function t', defines a different quantization of 
the classical theory. In fact, these quantizations can be 
even unitarily incquivalent, in the sense that there may 
not exist an unitary map between their corresponding 
Fock spaces. The new RSET in the new (U, V) coordi- 
nate system is the result of replacing the conformal factor 
in the right side of (jT5"j) using the rule (TTTT) . 

In the literature, the vacuum states associated with 
the class of modes ([5]) are usually called conformal (for 
reasons that we will see later, which do not imply the in- 
variance of these vacua under general conformal transfor- 
mations). The set of conformal vacua is by construction 
in direct correspondence with the set of reparametriza- 
tions of null coordinates. As we will recall, this corre- 
spondence is not strictly one-to-one, as there exists a 
finite set of reparametrizations which do not change the 
vacuum state. 

A priori other non-conformal vacuum states could be 
defined in the two-dimensional theory. For them the 
renormalized stress-energy tensor would have to be cal- 
culated by other methods. 



B. RSET from effective action 

A different starting point to obtain the RSET is to 
focus on the dynamics of a classical gravitational field g^ v 
when it is coupled to the quantum field <f>. The classical 



action of the system is a sum of two terms, 
S a [g] + S[cp,g] . 



(16) 



Here, the action So[g] describes the free dynamics of the 
gravitational degrees of freedom. In the standard case it 
corresponds to the Einstein-Hubert action (although for 
renormalization procedures to make sense it must con- 
tain higher-derivative terms; this point is not relevant in 
what follows). The action for the scalar field S[<j>,g] is 
given by If one treats the spacetime metric as a clas- 
sical field and considers <j) as a quantum fluctuating field 
it is expected that these fluctuations exert some influence 
over the classical dynamics dictated by (fTB"]) . The effec- 
tive action which accounts for this modification of the 
classical dynamics is found by integrating out the matter 
degrees of freedom in the path integral formulation. At 
one-loop, the total action reads @, [lj| 



So[g}+T[g} 



with 



iT[ff] 



Dcf>c 



iS[<)>,g] 



(17) 



(18) 



The effective equations of motion for the metric which 
arise from (fr7|) are 



SS \g] 6T[g] 



Sg^(x) Sg^(x) 



= 



(19) 



The first term of this equation describes the classical dy- 
namics of the gravitational field whereas the second one 
represents the quantum corrections and plays the role 
of an effective stress-energy tensor. We will denote it 
yJ—g{T tlv {x)) /2 in what follows. 

At this stage expression (| for the one-loop effective 
action r[<7] (and hence for (T^„)) is only formal. Mak- 
ing sense of this expression requires the prescription of a 
specific calculation procedure (see for example [6j). First, 
one calculates the Euclidean effective action by selecting 
some boundary conditions for the expansion of the rele- 
vant Euclidean differential operator in eigenfunctions and 
by choosing an integration measure D(f> adapted to this 
expansion. The resulting expression involves the product 
of eigenvalues of this Euclidean boundary problem, but is 
still formally divergent. Thus, one has to use a renormal- 
ization procedure to obtain a finite quantity with physi- 
cal significance. For example, one can use a zeta-function 
rcgularization [f| [l3| . Finally, one has to extend this ex- 
pression to the Lorentzian sector. 

In two dimensions, the procedure sketched above leads 

to 



^ J A 2 x^g~[x)R{x){U- l R)(x) 



(20) 



In this formulation, the vacuum-state choice for the field 
shows up in the extension to the Lorentzian sector, owing 
to the non-uniqueness of the symbol (the inversion 



4 



of an operator with a non- vanishing kernel). To find the 
RSET in this vacuum state one only needs to functionally 
differentiate (|20|) . resulting in 

247r(f^)= Rg^ - V^V^D" 1 ^) 

+iv M (D- 1 i?)V„(D- 1 i?) 

-i^vcn-^VaCn- 1 ^) ■ (21) 

This expression is nonlocal, but it can be converted into 
a local form by introducing a scalar field 

ip(x) := — (n~ 1 R)(x) = - I dV G F (x,x')R(x') , (22) 



where is a Fcynman Green function which carries 
the information about the choice of vacuum state. Then, 
expression (f2~Tj) becomes 

24^(0^1^10^) = V M V v¥ > - g^Dtp + 



1 



1 



-V^ipV^ip - -gp„V a <pV a <p ■ (23) 

The subindex ip used in |0„) remarks that selecting a 
specific solution of the inhomogeneous equation (based 
on some physical requirements) 



n<p = -r 



(24) 



is equivalent to selecting a specific Fcynman Green func- 
tion and its corresponding vacuum state whose RSET is 
([23]). The set of real solutions of this equation will be 
denoted by Gr. 



III. COMPARISON BETWEEN THE TWO 
FORMALISMS 



RSET which reduces to (jl5)) when we evaluate it in the 
(u, v) coordinates. A possibility for doing so is to look 
for a geometric quantity related to the vacuum selection. 
In this regard it is suggestive to realize that the norm of 
the vector field £ := dt = d u + d v , which enters into the 
positive frequency condition @, is 



-C(u,v) 



(25) 



where C(u, v) is precisely the conformal factor which ap- 
pears in the line element (j3)). In fact, this identity permits 
us to write the RSET in a covariant form: 

(0 f |f^|0 £ ) = + -L (4„ - g^/2) , 



48tt 



A* 



||| V„V„|f| = ||jV M {^M 



In these expressions we have denoted by |0j) the vacuum 
state associated with the positive frequency condition © 
with respect to £. To show that (|26|) reproduces (|15| it is 
sufficient to particularize to (u, v) coordinates, using (|25[) 
and the nonzero Christoffel symbols of the metric ([3]): 



F" =1^ 

uu C du 



1_9C 
C ~dv~ 



(27) 



We have to compare two covariant expressions for the 
renormalized energy- momentum tensor, (|23[) and (|26[) . 
which, taking into account Wald's theorem, suggests a re- 
lationship between |£| and <p. In two-dimensional space- 
times using null coordinates (u, v), we have the identity 



R = -DlogC{u,v) 



(28) 



Thus, a relationship which guarantees that Eq. (|2"4"|) is 
fulfilled is 



We have sketched the two mostpopular methods to 
obtain the RSET. Wald's theorem [3, Q asserts that, un- 
der natural physical conditions, any two different pro- 
cedures to calculate the RSET have to lead to equiva- 
lent expressions up to a covariantly conserved tensor lo- 
cally constructed from the curvature. Indeed, these two 
approaches lead to RSET expressions which verify the 
conditions of the theorem. However, at first sight the 
comparison of the two expressions is not direct. This is 
due to the fact that they seem to use different fiduciary 
structures. In the following we arc going to establish a 
clear translation dictionary between them to enable the 
cross-fertilization of both approaches. 



A. Relationship between the RSET in both 
approaches 

Let us begin by comparing the two expressions for the 
RSET (|15[) and (|2"3"|) of a certain fixed vacuum state. To 
do this, we will first build a covariant expression for the 



f = log l£| 2 
Then, it is easy to see, using 



(29) 



Hi V m V„|£| = \v^ vV + iv P vV„vJ (30) 



and the equation of motion ([24]) . that 

(0 C |T^|0 C ) = ^Rg fJ .v + V„V v (p + -V tl <pV v <p 



(31) 



Therefore the two expressions for the RSET are actually 
equal. Moreover, as we will explain in detail in the next 
section, this faithful equivalence provides through (f2"9")l 
a map between the possible choices of vacuum state in 
both formalisms. 
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B. Relationship between vacuum states in both 
approaches 

The vacuum states \0 V ) are in correspondence with 
the space of solutions &r of the inhomogeneous equa- 
tion (|24|) . To define an application between the two sets 
of vacua, {|0 V )} and {|0^)}, we must characterize the set 
of vector fields which appear in the positive-frequency 
condition ©. 

The vector field d t = d u + d v which appears in (|9|) is 
a conformal Killing vector field, as it can be shown by 
direct computation (this is the reason for the adjective 
"conformal" attached in the literature to the correspond- 
ing vacuum state). In fact, all the conformal Killing vec- 
tor fields over M can be written in this form in appropri- 
ate null coordinates as is shown in what follows. If £ is 
a conformal Killing vector field, it verifies the conformal 
Killing equations 



(32) 



As in (u, v) coordinates the metric is ([3]) and the nonzero 
Christoffel symbols are (|27|). given an arbitrary vector 
field 



£ = a(u, v)d u + b(u, v)d v , 
equations (|3"2"|) become 



db(u,v) da(u,v) 



On 



dv 



(33) 



(34) 



(the equation for fi = u, v = v is automatically verified). 
Such a conformal Killing vector field can then be written 



£ = a(u)d u + b(v)d v = du + d v , 



(35) 



where we have defined the null coordinates (£/, V) by 

— = — — = — (36) 
du a(u) 1 dv b(v) 

Assuming that the time orientation of the metric mani- 
fold is such that the null coordinates (u, v) are running 
towards the future, the preservation of this time orienta- 
tion is equivalent to require the inequalities dll /du > 
and dV/dv > to hold. Then both t = (u + v)/2 and 
if = (U + V)/2 are forward-running time functions. 

Notice that the spacetime manifold might not admit a 
global timelike conformal Killing vector field. Moreover, 
even if the manifold admits a global timelikc Killing vec- 
tor field, we could still define vacuum states by attending 
to their properties in a local patch of the manifold, even 
if their associated conformal vector fields £ were not glob- 
ally timelike. For instance, the vector field could become 
null in some specific places. These choices will give rise 
to vacuum states with singular behavior at these places. 
Although unphysical, these vacuum states could be of 
interest as the limits of families of well defined vacua. 



This singular behavior is precisely what happens to the 
Boulware state in the event horizon of a static black hole 
[T3 |. Hereafter, we will assume by default that all our as- 
sertions apply at least to a local patch of the spacetime 
manifold. 

Let us denote by j£+ k (M) the set of future-oriented 
timelikc conformal Killing vectors fields. We have shown 
that this set is in direct correspondence with the set 
of possible future-oriented null coordinates and, by con- 
struction, with the set of mode expansions of the type (|5|) , 
each corresponding to a different choice of conformal vac- 
uum. More explicitly, to select one of these mode expan- 
sions one imposes the requisite of positive frequency of 
the modes © with respect to some £ € 3£j K (M). Techni- 
cally, this choice can be seen to correspond to the selec- 
tion of a complex structure over the symplectic manifold 
of real solutions ©o of the scalar field equation [l5[. Let 
us define the complex structure as 



(37) 



where £^ represents the Lie derivative along £, whose 
action (extended to complex solutions) is 



(38) 



Using expansion ((5J) it can be shown that (|3"T|) is a com- 
plex structure over &q, defining a quantum theory and 
a vacuum state |0j). In fact, we can recognize the com- 
plex structure (|37[) as the natural one when the spacetime 
admits a timelike Killing vector field £ [TH, [lj| . 

The set of vacua {|0^)} is in direct correspondence 
with £+ K (M), so it is parametrized by two real func- 
tions of one variable given by the reparamctrizations of 
the null coordinates (flOl) . As we will see, except for a 
finite-dimensional group of reparamctrizations (see next 
section) all these complex structures are different. 

Within this setting we can promote (f2T)|) to a map be- 
tween the set of all future-oriented timelike conformal 
Killing vectors and the set of solutions of Eq. (f2"4")l 



7 : X+ K (M) 



given by 



1 (t) = <p:=\og\tf 



(39) 



(40) 



This map (|39p is bijective. The inverse map is the follow- 
ing. Picking a set of null coordinates (u, v) the general 
solution of (f2~4"]) can be written as 



ip(u, v) = log C(u, v) + f(u)+ g(v) 



(41) 



with /, g being real-valued functions, solutions of the ho- 
mogeneous part of the equation (|24p . The corresponding 
conformal Killing vector field is then 



£ = 7 1 (<p) = a{u)d u + b{v)d v 



with 



a(u) = cxp[/(w)] 



b(v) = exp\g(v)] 



(42) 



(43) 
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To summarize, the map (|39[) provides the relation be- 
tween the choices of vacuum state in both formalisms 
that we were looking for and which preserves the vac- 
uum expectation value of the RSET. 



C. Degeneracy in the family of vacua 

We have mentioned that two different conformal 
Killing vectors, which in principle prescribe different vac- 
uum states, could lead after a more careful examination 
to the same vacuum state. This degeneracy can be de- 
termined by studying the reparametrizations (|10[) which 
leave the notion of vacuum unchanged. 

In the formalism of Fock quantization, these 
reparametrizations should give a null beta coefficient of 
the corresponding Bogoliubov transformation 



11] 



f 

2^ 



du exp[— iuju] cxp[— iuj'U(u)] 



(44) 

However, it does not seem easy to find these functions 
U(u) from the condition f3(uj,uj') = 0. 

On the other hand, if two vacuum states are actually 
equal, the expectation values of any observable in these 
states must be coincident. In particular, this condition 
over the RSET is 

(0 C |V|0 ? ) = (0 r |f M1/ |0 r ) , (45) 

where £ and £' are two conformal Killing vector fields, 



d u - 
du 



d v , 
-dv 



a{u)d u + b(v)d v 



(46) 
(47) 



Logically, it might be possible that two different vacuum 
states share the same expectation value of the RSET al- 
though they differ in other observables (we will return to 
this point later). However, in any back-reaction analysis 
in semiclassical general relativity these two hypotheti- 
cally different vacua will lead to the same effects. 

Using the system of coordinates (it, v) to evaluate the 
identity (|45[) we get two conditions: 



<o £ |r„„|o € ) = (o e |T„„|o e 
<o e |TU|o e > = {o^it^io^; 



(48) 



The fi = u, v = v component, which encodes the confor- 
mal anomaly, does not depend on the vacuum state and 
therefore provides a simple identity. 

Performing the calculation separately for the u sector 
(everything applies equally to the v sector) the relevant 
condition to analyze is 



A* = A? 



(49) 



When using the expression for given by (|26l) . this 
equation turns out to be equivalent to an ordinary 



third-order differential equation for the rcparamctriza- 
tion function U(u): 



dUd 3 U 3 (d-XJ 
du du 3 2 \ du 2 







(50) 



This differential equation is well known: its three- 
parameter family of solutions is (see, for instance, fl7l |) 



U(u) 



d ' 



(51) 



with a, 6, c and d being real parameters which must 
verify ad— be = ±1. These transformations constitute the 
real Mdbius group Mm (Coo) of conformal transformations 
of the extended complex plane Coo = C U {oo} which 
map the real line K to itself. The subgroup Mg(Coo) 
of solutions with ad — be = +1 arises when we add the 
restriction of preserving the time orientation of spacetime 
and is isomorphic to PSL(2,K) = SL(2,R)/Z 2 . 

All the elements of this group can be expressed in terms 
of (at most four) compositions of the following fundamen- 
tal transformations: 



• translations. 



U(u) 



a. 



a e 



• dilatations, 

u ->U(u) = Xu, A > 0; 



• inversions, 



U(u) 



1 

u 



(52) 



(53) 



(54) 



The inequality in (|53p and the minus sign in (|54[) arc 
due to the condition of preservation of time orientation, 
dll/du > 0. Each of these transformations separately 
constitutes a subgroup (for the inversion we must add 
the identity map U(u) = u). 

One can evaluate the beta Bogoliubov coefficients (|4"4")) 
for each of these sets of reparametrizations to determine 
whether they leave invariant not only the RSET, but 
also the vacuum state. By using the integral represen- 
tation of the Dirac delta function and remembering that 
u),u>' £ R + , it is straightforward to see that (|5^|) and 



([53]) leave the vacuum state unaffected. As for (|54|) . we 
can use complex analysis to evaluate the Cauchy prin- 
cipal value of the beta Bogoliubov coefficient; the result 
is that the vacuum state is also invariant under these 
transformations. 

We have shown that the transformations (|52j|54p and 
hence the arbitrary compositions of them (fBTj) leave the 
vacuum state unaffected and that they are, in fact, the 
only reparametrizations u — > U(u) that do so. These 
results are similar to those obtained in fl8| . 

If we repeat these arguments for a general 
rcparametrization induced by (|47[) . we can sec that 
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the degeneracy on each vacuum state is dictated by the 
group 



G = PSL(2,R) x PSL(2,R) 



(55) 



As it should be, this group includes the Poincare group. 
Indeed it contains spacetime translations [Eq. (|52[) ap- 
plied to u and v] , and the proper orthochronous Lorentz 
transformations given by the dilatations u —¥ An, v 
(1/X)v with A > 0. 

It is well known that the conformal group of any (1+1)- 
dimcnsional spacetime is infinite-dimensional. In general, 
for a (l+<7)-dimcnsional (compactincd) Minkowski space- 
time with q > 1 one can identify the conformal group as 
SO(2, <7+l)/Z2. This cannot be extrapolated to the q — 1 
case: The conformal group is bigger than the group of 
global conformal transformations SO(2, 2)/Z2. However, 
it is interesting to note that the action of SO(2,2)/Z 2 
decouples over null coordinates precisely as fl9j 



SO(2,2)/Z 2 ~ PSL(2,R) x PSL(2,1 



G. 



(56) 



In view of this, the group of reparametrizations which 
dictates the degeneracy of each vacuum state is precisely 
SO(2, 2)/Z 2 . The two copies of PSL(2, R) correspond to 
the reparametrizations in the u and v sectors. 

We can interpret this result in a different way: 
each complex structure ([57)) carries a representation of 
SO(2,2)/Z 2 which leaves it invariant. This invariance is 
reflected in the invariance of the corresponding vacuum 
state under the action of this group . This invariance 
is connected with the adjective "conformal" attached to 
the vacuum states defined by (|57|) . If we follow the con- 
vention used in the literature, this adjective seems to 
point out that the vacuum state is invariant under con- 
formal transformations. However, it is well known that 
the trace anomaly of the RSET is due to the breaking 
of conformal symmetry by the vacuum state. In spite of 
this lack of invariance under the full group of conformal 
transformations (composed by global and local transfor- 
mations), we have seen that they are invariant under the 
restricted conformal group SO(2,2)/Z 2 (composed only 
by global transformations). Taking this restricted group 
as the group of symmetries at the quantum level is com- 
mon in Conformal Field Theory [l9(. In fact, this sym- 
metry of these vacuum states is related with the Hawking 
effect M. 



IV. CLEARING UP A SUBTLE POINT 

The RSET is the starting point to investigate the ef- 
fects of vacuum polarization in gravitational dynamics. 
Some particularly interesting situations to look for these 
effects are the collapse of stellar structures towards the 
formation of black holes. 

For concrctencss let us consider an scalar field in a 
(l+l)-gcometry representing the (t, r) sector of a static 



four-dimensional Schwarzschild black hole (this model 
was first analyzed in 0]): 



1 — - — | dudv 
r 



where u and v are null coordinates defined by 



u = t — r , 

i" -I In (— 

2k V2m 



v = t + r , 



1 

4m 



(57) 

(58) 
(59) 



When analyzing the RSET in this spacetime within the 
effective action formalism, one has to solve the field equa- 
tion ([Ml) . Working directly in (it, v) coordinates it is easy 
to see that its general solution can be written as 



pin 1 



2 m 



f{u) + g{v) 



(60) 



where the last two terms provide the general solution of 
the homogeneous equation. By looking at this expres- 
sion, one might be led to think that, except for rather 
special functions /(«), the field solution ip will be non- 
regular at the horizon and the RSET will be divergent 
there [f|. However, one can alternatively write the gen- 
eral solution of (j24[) in the entirely equivalent form 



(61) 



2m 

<p = In ( 1 ) + ku + f(u) + g(v) 



Then, it is not difficult to see that the divergences of the 
first two terms at the future event horizon cancel each 
other. From this point of view, one might be led to think 
that only very special functions f(u) would yield singu- 
lar behaviors at the future event horizon. However, the 
two expressions ([6"0")) . (pTTj) arc entirely equivalent (they 
are connected by a redefinition of f(u)) at a formal level. 
Therefore, without further physical ingredients it appears 
not possible to judge whether it would be natural or not 
that a selection of vacuum state leads to a divergent be- 
havior at the horizon. 

As an example of the nature of these additional in- 
gredients, one can study the behavior of vacuum states 
in dynamical geometries. In [9| it was explicitly shown 
within the point-splitting formalism that indeed the 
RSET in dynamically collapsing geometries never di- 
verges at horizon formation (in accordance with Fulling- 
Sweeny-Wald's theorem [22|). In these calculations it 
is only assumed that the vacuum state at past infinity 
corresponds to the natural Minkowskian vacuum (more 
technically, one only needs to assume that the initial vac- 
uum state is of Hadamard form). In these situations it 
was shown that the relevant conformal factor to use in 
expression (j!5[) when collapsing towards the formation of 
a Schwarzschild black hole is 



a 



dyn 



Cat 



du 

'dU 



2m \ du 
dU ' 



(62) 
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where U and u represent, respectively, the past and the 
future outgoing null coordinates (the v sectors can be 
neglected in what concerns any potential divergence at 
the horizon) . It is well known that if a stationary horizon 
forms in the collapse the asymptotic form of the relation 

u(u) is m 

U~U H - Ae~ KU , (63) 

where Uh,A arc suitable constants. Now, by using the 
translation map (|29p and the previous expression, it is 
easy to conclude that at the horizon 

ip = In Cdy„ = In C s tatic + In -^j 
~ In ( 1 - — ^ +nu- ln(reA) . (64) 

Therefore, apart from the first term in (|64[) . which is 
present even in static configurations, the dynamics of 
the collapse always generates a term in the form +ku 
which precisely cancels the potential divergence in the 
RSET [§] (after collapse the system always sets in an 
Unruh-like state [Hj])- To this last expression one could 
add transient particle fluxes through the geometry in the 
form of regular functions /, g, matching then expression 
(|6Tj) . without affecting the main result: The RSET in 
any collapsing geometry producing a horizon is perfectly 
regular at horizon formation. 

To end this brief section, let us comment that although 
the RSET will not diverge in the eventual case of horizon 
formation, this does not mean that it cannot become very 
large before the actual formation of the horizon. In prin- 
ciple, it could become so large in some situations that its 
semiclassical back-reaction in the geometry might com- 
pletely modify the final fate of collapse avoiding horizon 
formation [§, [25|, [2(|. Under which circumstances this 
could happen is a matter of active investigation. 



V. SUMMARY AND CONCLUSIONS 

In this paper we have explicitly compared the 
structural form of the renormalized stress-energy ten- 
sor (RSET) of a massless scalar field over a (1+1) 
curved spacetime as obtained by two different strategies: 
normal-mode construction of the field operator and one- 
loop effective action. The problem in comparing these 
two expressions is that they use different fiduciary struc- 
tures. Once a translation dictionary has been estab- 
lished, we have shown that these two structures are ac- 
tually equal. 

We have put special emphasis in explaining how and 
where the information associated with the selection of 
different vacuum states in both formalisms is encoded. 
We have also provided a translation map that, given a 
vacuum state in one formalism, tells us how to select the 
same vacuum state when working in the other formalism. 

The overall aim of this analysis is to facilitate the com- 
parison between specific calculations and results obtained 
by using these two apparently different approaches. In 
particular, we have used our translation dictionary to 
clear up a potentially misleading way to look at the prob- 
lem of how gravitational collapse is affected by semiclas- 
sical corrections. 
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